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Abstract
We present an implementation of τ-EO for quadratic unconstrained binary optimization (QUBO) problems. To this end, we
transform modify QUBO from its conventional Boolean presentation into a spin glass with a random external ﬁeld on each site.
These ﬁelds tend to be rather large compared to the typical coupling, presenting EOwith a challenging two-scale problem, exploring
smaller diﬀerences in couplings eﬀectively while suﬃciently aligning with those strong external ﬁelds. However, we also ﬁnd a
simple solution to that problem that indicates that those external ﬁelds apparently tilt the energy landscape to a such a degree such
that global minima become more easy to ﬁnd than those of spin glasses without (or very small) ﬁelds. We explore the impact of
the weight distribution of the QUBO formulation in the operations research literature and analyze their meaning in a spin-glass
language. This is signiﬁcant because QUBO problems are considered among the main contenders for NP-hard problems that could
be solved eﬃciently on a quantum computer such as D-Wave.
c© 2015 The Authors. Published by Elsevier B.V.
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1. Introduction
QUBO is an important (NP-hard) operations research problem with many engineering applications (1) that has
recently been studied as a test-challenge for the D-Wave quantum annealer (2). Cutting-edge classical algorithms
for QUBO are based on TABU search (3). Here, we present a highly competitive implementation of the Extremal
Optimization (EO) heuristic for QUBO, and we analyze the true complexity of existing QUBO instances. We ﬁnd that
the existing test-beds are somewhat trivial (1; 3), and we propose better, more challenging tests based on spin glasses.
EO is a local search heuristic that was developed for combinatorial problems (4; 5), based on our prior work on
self-organized criticality (6; 7). Pedagogical introductions can be found elsewhere (8; 9).
2. Implementation of EO for QUBO
The cost function to minimize for QUBO is given by
E = −
N∑
i=1
N∑
j=1
qi jxix j, xi ∈ {0, 1} (1)
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where the weights qi j = q ji are symmetric and drawn from a uniform (typically ﬂat) distribution of zero mean. The
instances here are from a set of 10 each with N = 1000 and 2500, created by choosing −100 < qi j < 100 to ﬁll N × N
matrices with 10% density (10; 1; 3). Note that qii  0, unlike for spin-glass couplings. We can turn these binary
variables xi into spins σi ∈ {±1} via xi = (1 + σi) /2 such that we remove all constant terms
H = 4E +
N∑
i=1
N∑
j=1
qi j +
N∑
i=1
qii = −
N∑
i=1
λi
with ﬁtnesses λi in the “canonical” form (9)
λi = σi
⎡⎢⎢⎢⎢⎢⎢⎣
N∑
j=1
Ji jσ j + hi
⎤⎥⎥⎥⎥⎥⎥⎦ , (2)
where
Ji j =
⎧⎪⎪⎨⎪⎪⎩
qi j, i  j
0, i = j
hi = 2
N∑
j=1
qi j.
2.1. Gauge Transformation
In general, any spin-glass Hamiltonian retains all its spectral properties (here, in particular, its ground-state energy)
under the transformation
σi → σ′i = ξiσi, ξi = ±1, (3)
for all i. Then,
H′ = −
∑
i
∑
j
ξiξ j Ji jσiσ j −
∑
i
ξihiσi,
= −
∑
i
∑
j
J′i jσiσ j −
∑
i
h′iσi,
with
J′i j = ξiξ j Ji j, h
′
i = ξihi. (4)
For our purposes, it is enlightening here to choose the set {ξi} such that all external ﬁelds are positive, h′i > 0 for all i.
2.2. Results
Using EO in this “canonical” but naive way on QUBO is not successful. The analysis shows that the typical external
ﬁelds all are much larger than any typical coupling, at least in the QUBO problems from the ORLIB library (11). No
matter what variation of the deﬁnition of ﬁtness one might choose, there is a “two-scale” problem: Either EO ﬁxes
the couplings between variables to reduce frustration but ignores the (rather dominant!) ﬁelds, or it focuses too much
on the ﬁelds (the dominant energy scale) and cares not enough about the frustration energies. Then, even for small
instances (10), EO often fails to ﬁnd any good solutions.
3. Dynamic EO
The way out of this two-scale impasse is inspired by “Hysteretic Optimization” (HO) (13; 14). Although we ﬁnd
that HO itself is just as poor as EO in solving these problem instances head-on, it suggests a modiﬁcation by which
EO can succeed. And it succeeds dramatically, which highlights some major weaknesses in the formulation of QUBO
that seem be be as of yet unexplored in the literature.
In this implementation of HO (13), we ﬁrst set all external ﬁelds to zero and choose a random initial conﬁguration
of spins. Then, we relax the system by ﬂipping all unstable spins sequentially (in some order) until all spins are stable.
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Fig. 1. Plot of the errors obtained during a quick scan of 45 small instances in the ﬁle “bqpgka” from the ORLIB library (11; 10) with τ-EO at
various values of τ. We mark a discrepancy (of any size) between the best-known value and that found by τ-EO with a “+”. (For some instances
and values of τ, multiple crosses may overlay, as the scan used 5 runs each.) For τ = 1.4, EO failed on only a single instance (#17) in a single run.
However, even at τ = 1.3, it makes only three errors. Since the optimal value of τ is expected to decrease slowly with increasing system size (12),
we adopt τ = 1.3 as the optimal choice here for our studies of larger systems.
(A spin is unstable, if it is not aligned with its local ﬁeld, the combination of external ﬁelds with those of nearest-
neighbor couplings, as the terms in the parenthesis of Eq. (2), i.e., a spin with negative ﬁtness in the EO sense.) Once
all spins are stable (which is by no means certain to be an optimum!), we ramp up the external ﬁelds uniformly until
the next most-volatile spin becomes unstable. Again, we relax completely, creating an “avalanche of adaptation”,
ramp some more, and so on, until the external ﬁelds reach the true values. Unfortunately, this strict implementation
of HO doesn’t provide good solutions for QUBO either!
In turn, we can modifying ﬁtness in EO such that
λi = σi
⎡⎢⎢⎢⎢⎢⎢⎣
N∑
j=1
Ji jσ j + γ(t)hi
⎤⎥⎥⎥⎥⎥⎥⎦ , (5)
becomes the time-dependent ﬁtness. Then, even the simplest, linear “ramp-function”
γ(t) =
t
tmax
(6)
leads to instant success. Choosing the number of updates in a run as usual at about tmax = N3, about, this form of EO
solves all smaller (≤ 500 ) within seconds at almost all values of τ. Then, reducing the runtime to tmax = N3/10, we
can use those instances to select the optimal value of τ ≈ 1.3, see Fig. 1.
With that algorithm, at τ = 1.3 and tmax = N3/10, we reproduce the best-known results for all instances of
N = 1000 and 2500 (10; 1; 3) in every try. This is far better than usually required for spin glasses without external
ﬁelds, indicating that these QUBO instances are somehow “trivial”. One indication of this triviality in these standard
instances is apparent in Fig. 2: In the ground states, most spins (in fact, ≈ 80%) align with their external ﬁeld.
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Fig. 2. Plot of the evolution of EO in single runs for τ = 1.3 and tmax = N3/10 updates, (top) for the magnetization and (bottom) the relative error
with respect to the best-known value for several N = 2500 instances. Clearly, better solutions are only obtained after the external ﬁelds are ramped
up somewhat, according to Eq. (6). But note that the ground state is already found typically when the relative ﬁeld strength reaches merely 40-50%.
The fact that the magnetization of those optimal states reaches then a value of ≈ 0.6, i.e., up to 80% of spins simply align with their external ﬁeld,
indicates the triviality of those instances. A heuristic just has to sort out which 20% spins to violate.
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